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1 Introduction 

• One of the fundamental tools of statistics is probability, which had its 

formal beginnings with games of chance in the 17
th

 century. 

• Even though the outcome of a particular trial (like tossing a coin or 

spinning a roulette wheel) may be uncertain, there is a predictable 

long-term outcome 
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• Similar type of uncertainty and long-term regularity often occurs in 

experimental science 
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2 Different flavors of probability 

2.1 Classical or a priori probability 

• The classical definition of probability is prompted by the close association 

between the theory of probability of the early ages and games of chance. 

 

Classical probability: If a random experiment can result in n mutually 

exclusive and equally likely outcomes and if nA of these outcomes have an 

attribute A, then the probability of A is the fraction nA/ n. 

 

• In this context 

 

Event: a possible outcome or set of possible outcomes of an experiment or 

observation. Typically denoted by a capital letter (e.g., A = result of coin 

toss) 
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• Also 
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Probability models 
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• The probability of 0.5 only holds when the trials are independent 
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Rules of Probability 

 



Probability and Statistics                                                                                                                                                             Chapter 1: Probability Theory 

 

K Van Steen                                   13 

 

 



Probability and Statistics                                                                                                                                                             Chapter 1: Probability Theory 

 

K Van Steen                                   14 

 

 



Probability and Statistics                                                                                                                                                             Chapter 1: Probability Theory 

 

K Van Steen                                   15 

 

 



Probability and Statistics                                                                                                                                                             Chapter 1: Probability Theory 

 

K Van Steen                                   16 

 

• For instance, a couple wants 3 children. What is the arrangement of 

boys (B) and girls (G)? 
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• A couple wants 3 children. What are the number of girls (G) they 

could have? 
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Probabilities: finite number of outcomes 
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Probabilities: equally likely outcomes 
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A priori probabilities 

• The probabilities determined by the classical definition are called a priori 

probabilities. 

• Results can be derived by pure deductive reasoning. Nothing is said about 

how one can determine whether or not a particular coin is true 

• The fact that we shall deal with ideal objects in developing a theory of 

probability will not trouble us because that is a common requirement of 

mathematical systems 

o E.g., geometry deals with conceptually perfect circles, lines with zero 

width, and so forth, but it is a useful branch of knowledge, which can be 

applied to diverse practical problems 
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2.2 A posteriori or frequency probability 

Limitations of the classical definition 

• Limitation 1: The definition of probability must be modified somehow when 

the total number of possible outcomes is infinite 

 

o What is the probability that an integer drawn at random from the 

positive integers be even? Start with the first 2N integers… 

 

� Natural ordering: 1,2,3,4,5,6,… 

� Ordering 1,3,2; 5,7,4; 9,11,6;… 

� The natural numbers can be ordered that the ratio will oscillate and 

never approach any definite value as N increases. 
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• Limitation 2: Suppose that we toss a coin known to be biased in favor of 

heads (it is bent so that a head is more likely to appear than a tail).  

 

o What is the probability of a head? 

o The classical definition leaves us completely helpless… 
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A posteriori probabilities 

We assume that a series of observations (or experiments) can be made under 

quite uniform conditions: 

• An observation of a random experiment is made 

• Then the experiment is repeated under similar conditions, and another 

observation is taken 

• This is repeated many times, and while conditions are similar each time, 

there is an uncontrollable variation which is haphazard or random so that 

the observations are individually unpredictable. 
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• In many cases the observations will fall into certain classes wherein the 

relative frequencies are quite stable. 

• This suggests that we postulate a number p, called the probability of the 

event, and approximate p by the relative frequency with which the 

repeated observations satisfy the event 
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3 Axiomatic probability theory 

3.1 Set theory 

Introduction 

We begin with a wide collection of objects: 

• Each object in our collection is called a point or element ω 

• The collection is large enough so that it includes all the points under 

consideration  

• The totality of these points is called the space, universe, universal set Ω 

• We will call it the space, anticipating that it will become the sampling space 

when we speak of probabilities. Note that . 

• A set is a collection of objects; for the sequel we assume that sets consist of 

points in the space Ω 
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Probability laws 
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Rules of probability revisited 

using set representations 
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3.2 Sample space and event 

• When talking about probability models, we have in mind a conceptual 

experiment, whose possible outcomes we would like to study by assessing 

the probability of certain outcomes or collection of outcomes. 

• Two important concepts to assess these probabilities: 

 

o Sample space: The sample space denoted by Ω is the collection or totality 

of all possible outcomes of a conceptual experiment 

 

o Event and event space: An event is a subset of the sample space. The 

class of all events associated with a given experiment is defined to be the 

event space (usually denoted by a script Latin letter, such as A) 
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• Note: 

o An event is always a subset of the sample space, but for sufficiently 

large sample spaces not all subsets will be events 

o The class of all subsets of the sample space will not necessarily 

correspond to the event space 

o If the sample space consists of only a finite number of points, then 

the corresponding event space will be the class of all subsets of the 

sample space 
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• Clearly, our definitions of event and event space are not entirely 

satisfactory.  

• We said that if the event space is sufficiently large (whatever this means), 

not all subsets of the sample space are events. But which subsets would be 

seen as event and which not remains to be resolved 

• Rather than developing the necessary mathematics to precisely define 

which subsets of Ω constitute our event space, we will state some 

properties of it that seem reasonable to require: 
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• Any collection of events with properties (i) to (iii) is called a Boolean 

algebra, or just algebra, of events. Note: collection of all subsets of Ω 

necessarily satisfies the above properties.  

• Several results follow (see next slides) 

• Assuming that we impose the event space to be an algebra, and redefining 

probability in the next section, will allow us to explain why an event space 

cannot always be taken to be the collection of all subsets of Ω. 
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3.3. Redefining probability

The general concept of a function
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Indicator functions 
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Probability functions 
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• Note: 

o The axioms for a probability function are clearly motivated by the 

definitions of classical and frequency probability. 

o The axiomatic definition is a mathematical one, telling us which set of 

functions can be called probability functions 

o However, the axiomatic definition does not tell us what value the 

probability function P[.] assigns to a given event. 

o We will have to model our random experiment in some way in order to 

obtain values for the probability of events 
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Probability space 

 

 

  

Probability and Statistics                                                                                                                                                             

     

                                                                                                                  Chapter 1: Probability Theory 

                              54 

 



Probability and Statistics                                           

 

K Van Steen  

 

         

Probability and Statistics                                                                                                                                                             

     

                                                                                                                  Chapter 1: Probability Theory 

                              55 

 

  



Probability and Statistics                                           

 

K Van Steen  

 

  

Probability and Statistics                                                                                                                                                             

     

                                                                                                                  Chapter 1: Probability Theory 

                              56 

 



Probability and Statistics                                           

 

K Van Steen  

 

  

Probability and Statistics                                                                                                                                                             

     

                                                                                                                  Chapter 1: Probability Theory 

                              57 

 



Probability and Statistics                                           

 

K Van Steen  

 

Probability and Statistics                                                                                                                                                             

     

                                                                                                                  Chapter 1: Probability Theory 

                              58 

 



Probability and Statistics                                                                                                                                                             Chapter 1: Probability Theory 

 

K Van Steen                                   59 

 

3.4 Modeling experiments using finite sample spaces 

Finite samples spaces with equally likely points 

• For certain random experiments, there is a finite number of outcomes N, 

and it is often realistic to assume that the probability of each outcome is 

1/N 

• The classical definition of probability is generally adequate for these 

problems 

• We show how the axiomatic definition is applicable as well  



Probability and Statistics                                           

 

K Van Steen  

 

 

 

Probability and Statistics                                                                                                                                                             

     

                                                                                                                  Chapter 1: Probability Theory 

                              60 

 



Probability and Statistics                                           

 

K Van Steen  

 

•  

•  

(see supplementary section to chapter)
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Finite samples spaces with
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Multiplication Rule 
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Breast cancer screening 
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4. Extremely useful results 
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  Remark  The theorem of total probabilities remains true when n is infinitely

                   large 
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The theorem of total probabilities remains true when n is infinitely 
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  Remark  Bayes’ theorem remains true when n is infinitely large 
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Bayes’ rule for multiple events 
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Example: Breast cancer screening  
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5. Reliability of a system
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Supplementary section 

 Combinatorics 
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